We investigate numerical solutions of bosonic open string field theory in some marginally deformed backgrounds, which are obtained by expanding the action around an identity-based marginal solution with one parameter. We construct numerical solutions in the Siegel gauge and the Landau gauge corresponding to the tachyon vacuum. Their vacuum energy approximately cancels the D-brane tension for larger intervals of the parameter with increasing truncation level. The result is consistent with the previous expectation that the identity-based marginal solution has vanishing energy regardless of the values of the parameter. We also study the marginal branch (M-branch) and the vacuum branch (V -branch) and evaluate not only the vacuum energy but also the gauge invariant overlaps with the graviton and the closed tachyon. We observe that there is a finite bound for the value of the massless field of numerical solutions even in the marginally deformed background.
Introduction
Open bosonic string field theory has a non-perturbative vacuum corresponding to a marginal deformation such as background Wilson lines [1] . The effective potential of the massless field becomes increasingly flat as the truncation level is increased. On the analytical side, there are classical solutions expected to represent marginal deformations. As such solutions, identitybased marginal solutions were constructed in [2, 3, 4] . Furthermore, other types of marginal solutions have been constructed [5, 6, 7, 8] . The vacuum energies of these solutions are formally proved to be zero by differentiating and integrating the action with respect to a deformation parameter. However, it may be provided as a sort of indefinite quantity, especially in the case of identity-based solutions.
The tachyon vacuum exists even in the presence of Wilson lines, and the vacuum energy is expected to cancel the D-brane tension, which is equivalent to that of no Wilson lines. If we expand the string field around an analytic solution corresponding to background Wilson lines, the action for the fluctuation describes strings on the Wilson line background. Accordingly, the expanded theory should have a non-perturbative vacuum, the vacuum energy of which is given as the same one without Wilson lines. Actually, analytic tachyon vacuum solutions in the theory expanded around identity-based marginal solutions have been constructed in [9] using the "K ′ Bc algebra" and it is shown that their vacuum energy cancels a D-brane tension. This provides evidence that the vacuum energy of the identity-based marginal solutions is zero.
Here, we construct numerical tachyon vacuum solutions, which satisfy other gauge conditions: the Siegel gauge and the Landau gauge, using the level truncation method in the theory around an identity-based marginal solution with one real parameter x. We find that their vacuum energy approximately cancels the value of a D-brane tension for larger intervals of the parameter with increasing level. 1 The result is consistent with that of the analytic approach in [9] and implies that the energy of the identity-based marginal solution vanishes.
In [1] , it was observed that there are two branches for an effective potential of a constant mode of the massless field, denoted as a s , with the level truncation approximation. One is a "marginal branch" (M-branch), which includes the trivial zero solution, and the other is a "vacuum branch" (V -branch), which includes the tachyon vacuum solution. With increasing level, the shape of the M-branch becomes flatter. However, at a finite value of a s , the M-branch and the V -branch merge and there is a maximum value of a s for the M-branch. Recently, such a phenomenon was also observed for further higher level computations in [10] . In this context, we investigate the M-branch and the V -branch in the theory around the identitybased marginal solution. We find that the graph of the potential moves to the horizontal direction for small values of the parameter |x|. As for the V -branch, we observe that the value of |a s | at the potential minimum has a finite bound around 0.3. On the other hand, the M-branch seems to be unstable for large values of |x|.
We evaluate not only the vacuum energy as mentioned above but also gauge invariant overlaps with the graviton and the closed tachyon for the numerical solutions obtained. For the tachyon vacuum (the minimum of the V -branch) in the theory around the identity-based marginal solution, we find that, with increasing level, the gauge invariant overlap with the graviton approaches 1 for various values of x but that with the closed tachyon approaches e −4ix . On the other hand, for the M-branch in the original theory, the gauge invariant overlap with the graviton approaches 0 for various values of a s but that with the closed tachyon depends on a s , such as 1 − e −icas with some constant c approximately. This paper is organized as follows. In §2, we will construct numerical solutions, both in the Siegel and Landau gauges, in the theory expanded around an identity-based marginal solution with one parameter x, and evaluate their gauge invariants. In §3, we will discuss the M-branch and V -branch in the expanded theory for various values of x. In §4, we will comment on the gauge invariant overlaps with the graviton and the closed tachyon for numerical solutions in the M-branch. In §5, we will give some concluding remarks. In appendix A, we will show some numerical results on the BRST invariance of the solutions.
Tachyon vacuum around an identity-based marginal solution
The equation of motion in open bosonic string field theory is given by Q B Ψ + Ψ * Ψ = 0. As an analytic classical solution, we have a type of identity-based solution [2, 3, 4] :
where I is the identity string field and F (z) is a function that satisfies F (−1/z) = z 2 F (z). In the integrations, C left denotes the path along a unit half circle such as Re z ≥ 0. We can see that this solution corresponds to the Wilson line along the 25th direction from the study of the expanded theory around the solution. In this solution, the Wilson line parameter is involved as
The usual Wilson line is proportional to this quantity. Other modes of the function can be gauged away [4] . Expanding the string field around the solution as Ψ = Ψ 0 + Φ, we can find the action S ′ [Φ] for the fluctuation around the Wilson line background:
3)
The modified BRST operator in the expanded action is given by
where Q B denotes the original BRST operator and the integration contour is along the unit circle. In the following, we take a function F (z) as F (z) = −x(z + 1/z)z −1 for simplicity, where x is a real parameter. Then, (2.4) is explicitly written as
With respect to the above Q ′ , we solve the equation of motion:
numerically.
First of all, we construct the tachyon vacuum solution in the Siegel and Landau gauges, which corresponds to the analytic solution constructed by the method of K ′ Bc algebra in [9] :
which satisfies the other gauge condition. 2 To construct a numerical solution to the equation of motion (2.6) with a gauge condition, we solve
for Φ. P 1 and P 2 = 1 − bpz(P 1 ) are projections determined by a gauge condition. In the case of the Siegel gauge, these are given by 11) and, in the case of the Landau gauge [12, 13] , these are 12) whereQ is given by ghost zero mode expansion of Q B :
and W 1 is defined by
2 It satisfies a kind of "dressed B 0 gauge" condition [11] :
On the level truncation method
In order to perform numerical calculations, we restrict ourselves to the subspace spanned by the following basis.
• We consider only the zero momentum sector with the ghost number 1.
• In the matter sector, except for the 25th direction, we use only the Virasoro generator with the central charge c = 25, denoted as L (m)′ −n (n > 1).
• As for the 25th sector, we use the conventional oscillator α 25 −n (n ≥ 1).
• In the ghost sector, we use b −n (n > 0), c −n (n ≥ 0) on c 1 |0 , where |0 is the conformal vacuum.
• We take the even Ω ′ sector with Ω
, where P 25 is a parity transformation with respect to the 25th direction such as P 25 α 25 −n (P 25 )
−n , P 25 |0 = |0 . Using the above conditions, a general form of the basis is
In fact, a space spanned by the above basis is closed under the action of the operator (2.5) and the star product and it is consistent with the Siegel and Landau gauge condition. Furthermore, we use the (L, 3L)-truncation method with respect to the level associated with L 0 . Namely, string fields are truncated up to the level L, which is an eigenvalue of L 0 + 1, and each term of the expansion of the star product of string fields is truncated up to the total level 3L.
Concretely, the dimension of the truncated space as above is N L in Table 1 and M L is that of the space where the Siegel or Landau gauge condition is imposed. To solve (2.9), (2.10) numerically, we use Newton's method. With an appropriate initial configuration Φ (0) , we solve a set of linear equations: 19) iteratively in the truncated space. If lim n→∞ Φ (n) exists, it gives a solution to (2.9) and (2.10). Actually, for a fixed truncation level L, we terminate the iterative procedure if the relative error of the convergence reaches Φ (n+1) − Φ (n) / Φ (n) < 10 −8 . We construct the tachyon vacuum solutions in the Siegel gauge and the Landau gauge in the theory with Q ′ (2.5) as follows:
• We begin by constructing a solution in the case of x = 0 (the original theory with Q B ). We take
, which is a nontrivial solution in the lowest level truncation, as an initial configuration and then we get a converged solution Φ x=0 , which is twist even, using the iterative procedure (2.18) and (2.19).
• In the case of a positive value of x, we use a converged configuration Φ x−ǫ in the theory of Q ′ with x − ǫ for a small value of ǫ(> 0) as an initial configuration. Solving (2.18) and (2.19) iteratively, we get a converged solution in the theory of Q ′ with x.
• In the case of a negative value of x, noting (2.5), a numerical solution can be obtained by the parity transformation with respect to the 25th direction from the solution in the theory of Q ′ with −x, namely, Φ x = P 25 Φ −x .
• At large values of |x|, we reach the trivial solution Φ x = 0 using the above procedure.
It turns out that it takes 10 iterations or fewer to get each converged solution.
Evaluation of the vacuum energy
Here we demonstrate the results of the evaluation of the vacuum energy E = V [Φ x ] for the numerical solutions Φ x obtained as in §2.1. We normalize the potential V [Φ] by a D-brane tension as
, we consider only the case of nonnegative values of x.
In the case of the Siegel gauge, we have Fig. 1 . For a fixed value of x, E approaches −1 with increasing truncation level and the region where E ≃ −1 becomes larger for higher levels. In the infinite level limit, it seems to be E = −1 for all values of x. Therefore, it is consistent that the numerical solutions Φ x can be interpreted to represent the tachyon vacuum in the theory of Q ′ with x, where a D-brane vanishes. In the case of the Landau gauge, we have 
Evaluation of the gauge invariant overlaps
Here, we evaluate gauge invariant overlaps with the graviton and the closed tachyon for the numerical solutions Φ x obtained as in §2.1. In general, the gauge invariant overlap O V (Φ) is defined as
Here, V (i) is given by ccV m (z,z), where V m (z,z) is a vertex operator in the matter sector with the conformal dimension (1, 1). (See [16] for details of explicit calculations.) We evaluate the gauge invariant overlap with the graviton:
, where we denote (2.21) as O ζ (Φ), and the closed tachyon V m ∼ e i 2 k(X 25 (i)−X 25 (−i)) with k 2 = 4/α ′ for a Dirichlet direction, where we denote (2.21) as O k (Φ). We normalize them as
(2.23) for the analytic solution (2.7) using the result in [9, 17] .
In the Siegel gauge, we have evaluated the gauge invariant overlap with the graviton for the tachyon vacuum solution in the theory of Q ′ with x as in Fig. 3 . With increasing level, it approaches a constant near 1 for larger regions of x, which is the same value as in (2.22). Namely, in the infinite level limit, we expect O ζ (Φ x ) = 1 for all x. At first sight, the plots of O k (Φ x ) in Figs. 4 and 5 seem to be divergent for higher levels especially for large values of |x|. However, for small values of |x|, one can expect a structure 3 M -branch and V -branch in the Q
′ -theory
In this section, we investigate the M-branch and the V -branch in the theory of Q ′ with x. Firstly, we consider them in the lowest level. In the L = 1 truncation, the string field Φ is expressed as
(3.1) Substituting it into the action (2.3), we have
with respect to t 0 , we have two solutions as functions of a s :
One of them satisfies t 
because of the reality of the tachyon field t 0 . At the end of the interval, the two branches merge. Substituting Φ L=1 with these t 
In the case of x 2 < 2, we have expansions of two branches around a s = 0 as
Similarly, for x 2 > 2, we have Therefore, we note that V V (a s ) has a second-order zero at a s = 0 for |x| > √ 2. 5 Actually, from Figs. 12 and 13, the graph of the V -branch for |x| > √ 2, given by V V (a s ), may be qualitatively similar to the "M-branch" in the original theory.
For higher level truncation, we solve eqs. (2.9) and (2.10) with a fixed value of the massless field a s using the iterative method with appropriate initial configurations. In a fixed level L truncation, for a fixed value of x, we take initial configurations as follows:
• For the V -branch, we begin from the value of a s (≡ a with a s = a T s ± 2ε. Similarly, we use the configuration of the converged solution with a s = a T s ± 2ε to solve (2.9) and (2.10) with a s = a T s ± 3ε, and so on.
• For the M-branch, we begin from the value of ε (−ε) for a s and we use zeros for values of component fields except for a s as an initial configuration to construct a solution of (2.9) and (2.10). Then, we use the values of the converged solution with a s = ε (a s = −ε), except for a s , as an initial configuration for the iteration with a s = 2ε (a s = −2ε). Similarly, we use the configuration of the converged solution with a s = ±2ε to solve (2.9) and (2.10) with a s = ±3ε, and so on.
We consider numerical solutions only in the Siegel gauge because it seems to be more stable than the Landau gauge, as seen in §2.2. All component fields can be expressed as functions of a s numerically and we substitute them to the potential (2.20) to get an effective potential V S as a function of a s . In the original theory (x = 0), we have computed the M-branch and the V -branch as shown in Fig. 14 , which was already given in [1] up to level L = 4.
6 In the theory of Q ′ with x = −1, we find the M-branch and the V -branch as shown in Fig. 15 . In both cases, with increasing level, the plots of the M-branch become flatter and it seems that there exist a maximum and minimum of the values of the massless field a s , where the M-branch and the V -branch merge, for further higher levels. Comparing Fig. 15 with Fig. 14 , the qualitative features of the graphs are similar, except that both branches move in the horizontal direction.
M-and V -branches for various values of x in L = 6
Here, we demonstrate the numerical results in the level L = 6 truncation.
For small values of |x|, we have plots of V -branches as in Fig. 16 and for large values of |x|, we have those in Fig. 17 . In Fig. 16 , the V -branch plot moves to the right in the horizontal direction when the value of x changes from x = 0 to x = −1.3. Then, in Fig. 17 , the left end of the V -branch remains near the origin (i.e. a s = 0) and the potential minimum moves to the upper left when the value of x changes from x = −1.4 to x = −3.6. In the end, i.e. x ≃ −3.6, the V -branch is similar to the "M-branch" in the sense that the plot appears to be flat around a s 0.
On the other hand, for small values of |x|, we have plots of the M-branches as in Fig. 18 and for large values of |x|, we have those in Fig. 19 . In Fig. 18 , the M-branch plot moves to the right when the value of x changes from x = 0 to x = −1.3. Then, in Fig. 19 , the left end of the V -branch remains near the origin and the value of the potential suddenly increases for positive values of a s when the value of x changes from x = −1.5 to x = −3.7. In this sense, the M-branch seems to be unstable for x < −1.4.
On a bound of |a s |
From the results so far, there seems to be a finite bound on the value of the massless field a s for the numerical solutions in the Siegel gauge even in the theory of Q ′ with x = 0. Let us investigate the x-dependence of the value of a s at the tachyon vacuum, which is the minimum in the V -branch, in the Siegel gauge. We have obtained the numerical result shown in Fig. 20 . From Fig. 20 , the plot seems to be convergent to a curve, which has a finite maximum of a s , in the limit L → ∞.
Actually, we can explain this x-dependence of a s in the Siegel gauge as follows. We note that (2.9) and (2.10) can be rewritten as where L ′ can be expressed, using U(x) such as U(x) † = U(x) −1 , as follows:
For any string fields A, B, we have
and therefore the tachyon vacuum solutions Φ x in the Siegel gauge in the theory of Q ′ with different values of x can be related as 
and using the expansion of the tachyon vacuum in the original theory (x = 0): where we have used the fact that Φ 0 is twist even, we have
(3.14)
Hence, if we do not truncate the level, the x-dependence of the tachyon field t 0 and the massless field a s is given by
It is necessary to know all coefficients a (m) s (m = 0, 1, 2, · · · ) in (3.13) in order to obtain the exact form of (3.16). However, this is impossible because no explicit expression of the exact solution in the Siegel gauge is yet known. Instead, let us use the level-truncated numerical solution in the original theory to obtain an approximate expression for (3.16) . Such a function a s with (3.16) can be compared to the plot using numerical data as given in Figs. 21, 22 and 23. (The left plot in each figure is from Fig. 20.) With increasing truncation level, the two plots get closer. These plots seem to imply that level truncation can be a good approximation to obtain a s as a function of x using numerical data. If we use numerical configurations of the tachyon vacuum solution in the Siegel gauge in the original theory (x = 0), we obtain a s of the form (3.16) as a function of x at each truncated level. Using these functions, we can see the maximum of a s , max(a s ), and the value of x, x cr , which give max(a s ), as in Figs. 24 and 25, respectively. With the numerical data up to L = 26 obtained in [18] , we have extrapolated Here, we would like to speculate on the possibility of a relationship between the above numerical result and the analytic result given in [20] . The identity-based marginal solution Ψ 0 (2.1) is expected to correspond to the numerical solution of the M-branch in the Siegel gauge. As for the parameter, the value of the massless field a s corresponds to f given in (2.2). Let us consider the relationship to the parameter x, which is proportional to f , i.e. f = (−2/π)x, more explicitly. The massless field, or the coefficient of α only in the first term of Ψ 0 (2.1). We can expand it as follows: k (c 1 − c −1 )|I . Therefore, we expect the correspondence of the parameters between the solutions to the original theory to be a s ∼ ( √ 2/π)x. In this context, we may expect that the numerical solution with the parameter a s , which we denote as Ψ M (a s ), is gauge equivalent to the identity-based marginal solution Ψ 0 (x) (2.1) with the parameter x ≃ (π/ √ 2)a s . If this expectation is valid, the gauge invariant overlap for them should be
On the right-hand side of the above equation, from the result in [20] , we have O ζ (Ψ 0 (x)) = 0 for the graviton and O k (Ψ 0 (x)) = 1−e −4ix for the closed tachyon, which are roughly consistent with the numerical results in Figs. 26, 27 and 28. Here, we should note that the parameter x in Ψ 0 does not have a finite bound and we can take any large value of |x| from the viewpoint of the solution to the equation of motion. However, the parameter a s seems to have a finite bound and we can take a s only in |a s | 0.3 as is seen from Fig. 14 . In this sense, the assumption x ≃ (π/ √ 2)a s cannot be justified for large values of |a s | such as |a s | > 0.3. Therefore, we do not have a definite conclusion on the gauge equivalence between the M-branch numerical solution and the identity-based marginal solution Ψ 0 .
Concluding remarks
We have constructed numerical solutions using the conventional level truncation method in the theory of Q ′ obtained by expanding the string field around an identity-based marginal solution, which has one parameter, x: (a) We have constructed tachyon vacuum solutions in the Siegel gauge and the Landau gauge. With increasing level, the values of the action at the solutions approach a D-brane tension in the wider range of the parameter x. This suggests that the energy of the identity-based marginal solution vanishes as in the case of the solution with K ′ Bc algebra [9] , which satisfies the other gauge condition. (b) We have constructed the M-branch and the V -branch in the theories of various values of x in the Siegel gauge. The values of the potential approach zero for higher levels for small values of the massless field |a s | in the M-branch and the potential form roughly moves in the horizontal direction according to the values of x. However, it turns out that there seems to exist a finite bound for the value of the massless field a s in the theory of Q ′ with any value of x as in the original theory of Q B (x = 0), which was observed in previous work [1] . (c) We have evaluated the gauge invariant overlaps with the graviton and the closed tachyon for the constructed numerical solutions. For the numerical tachyon vacuum solution, they approach the same x-dependence as the analytic ones [9] with increasing truncation level.
For the numerical tachyon vacuum solutions Φ x in the Siegel gauge, we have checked the remaining part of the equation of motion (or the BRST invariance of the gauge fixed solutions) for consistency in appendix A. As the truncation level is increased, the vacuum energy E of Φ x , which is normalized by a D-brane tension, seems to become −1 for any value of x, as in Fig. 1 . Actually, this can be justified as follows. Without level truncation, the solution in the Siegel Φ x can be related to the tachyon vacuum solution in the Siegel Φ 0 in the original Q B theory (x = 0) as Φ x = U(x)Φ 0 (3.14). Noting the relations involving U(x), (3.8) and (3.10), we find that the value of the action (2.3) does not depend on x, namely, S ′ [Φ x ] = S[Φ 0 ]. Additionally, it is well confirmed that the normalized vacuum energy of Φ 0 should be −1 using the level truncation method. In a similar manner, we can justify our numerical evidence of O ζ (Φ x ) = 1 and O k (Φ x ) = e −4ix in §2.3: Without the level truncation, we can show that O ζ (U(x)Φ 0 ) = O ζ (Φ 0 ) and O k (U(x)Φ 0 ) = e −4ix O k (Φ 0 ) using explicit expression of the gauge invariant overlap. Then, we have the equality O ζ (Φ 0 ) = O k (Φ 0 ) [16] and its value should be 1, as was numerically checked in [18] .
A On the BRST invariance of the numerical solutions
We have constructed numerical solutions to eqs. (2.9) and (2.10). However, initially, we would like to construct the solution to the equation of motion Q ′ Φ + Φ * Φ = 0. Therefore, as a consistency check, we evaluate the remaining part of the equation of motion, namely, bpz(P 1 )(Q ′ Φ + Φ * Φ) = 0, (A.1) which corresponds to the BRST invariance of the gauge fixed solution [21] . In the case of the Siegel gauge, we have bpz(P 1 ) = b 0 c 0 and we evaluate
numerically. In the above, the norms of string fields with ghost number 1 in the denominator and ghost number 2 in the numerator are defined for an orthonormalized basis with respect to the BPZ inner product as in [15] . For the numerical solutions to eqs. (2.9) and (2.10) in the Siegel gauge, which correspond to Fig. 1 , the ratio of norms (A.2) is evaluated as Fig. 29 . Roughly speaking, the value of (A.2) remains "small" with increasing truncation From Figs. 31 and 32, the coefficient of c −2 c 1 |0 gets closer to zero as the truncation level increases for each value of x. Therefore, we expect that all coefficients of b 0 c 0 (Q ′ Φ + Φ * Φ) approach zero in infinite level limit, although the norm convergence might be slow.
The above results imply that our numerical solutions to eqs. (2.9) and (2.10), which correspond to Fig. 1 , can be consistently regarded as approximate solutions to the equation of motion Q ′ Φ + Φ * Φ = 0.
